Absfruct -This paper evaluates the effect of time-jitter in the equally spaced sampling wattmeters. It has been shown that the timejitter, which is a random fluctuation with respect to the nominal sampling time, introduces a bandwidth limitation which is a function of its variance. This bandwidth limitation has been described and compared with the other one due to the sampling strategy and filtering algorithm.
-INTRODUCTION
The random fluctuation with respect to the nominal sampling time is commonly called timing-jitter. Its effect in the amplitude and phase estimates of sampled signals [1, 2] and on the recovery of a signal from noise by averaging [3] has been studied by different authors. This paper investigates the effect of time-jitter in digital wattmeters based on equally-spaced sampling techniques. The properties of these techniques, in absence of time-jitter, has been evaluated in terms of accuracy and bandwidth by different authors distinguishing between the synchronous and asynchronous one [4, 5, 6] .
Recently we proposed a criterion for the comparison, in terms of uncertainty and bandwidth, of the different sampling strategies and filtering algorithms used for the implementation of digital wattmeters [7, 8] . This criterion is based on considering any measurement result as an occasional value of an output random variable, which involves not only the possible measurement occurrences but also the unpredictable and uncontrollable variability of the unknown nuisance, or incidental, parameters introduced by the measurement method. By using the proposed criterion the uncertainty is quantified through the asymptotic mean square error of the output of the wattmeter referred to the value of the measurand, i.e. the mean power. To take into account the effect of time-jitter it is therefore sufficient to analyze the addictive contribution of the particular nuisance parameter which quantifies this effect, on the hypothesis that the time-jitter is uncorrelated with the waveforms of the input signals.
-THE EQUALLY-SPACED SAMPLING STRATEGIES
Let us suppose that the instantaneous power p(t) is a periodic signal with period TI; therefore it can be expressed by the Fourier series:
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where: f, = -, 9, = P,', and Po = -Jp(z)d7 is the mean value of p(t), i.e. the value of the measurand. By indicating with S,(f) the T 7 r-T, power density spectrum for the periodic function p( t) :
where 6(f) is the Dirac function, the total average power in the real signal p( t) is (Parseval's theorem):
For the digital implementation of a wattmeter, the instantaneous power p(t) = v(t).i(t) is evaluated, at any discrete time instants t,, by multiplying the sampled values of the instantaneous voltage and current. In the hypothesis that the resolution is adequate, the digital multiplication does not introduce any relevant error and the sampling procedure can be assumed directly effected on the instantaneous power, being the main aim of this paper the theoretical study of the errors due to the sampling strategy and the filtering algorithm.
The sampling techniques here considered are of an equally spaced type, i.e. any sampling instant t, differs from the preceding one by a constant lag T,:
where i is an integer, T, is the sampling interval and Z, is the shift between the initial sampling instant and the time origin of p( t) . In the synchronous case 7, is related to the instantaneous power p(t) through the synchronizing circuit, while in the asynchronous one it is independent.
The discrete output of the instrument is an estimate of P, and can be deduced by forming a weighted average of the last N successive values of the instantaneous power. In the synchronous case this estimate remains unchanged for any successive weighted average, while in the asynchronous one it changes. Each output of the asynchronous sampling strategy must therefore be marked with an integer k: where:
is the frequency response of the FIR filter used. This response is periodic of period f,. In order to obtain a scale factor equal to one in eqn. (6) , the sum of the N coefficients ai must be equal to one; in this hypothesis H(f&)= 1 for ff, = U , with U integer. The coefficients a, must be selected to obtain a frequency response which adequately attenuates the contribution to ?k of each spectral component of p( t).
0-7803-1880-3/94/$4.00 01994 IEEE
IMTC '94 May 10-12, Hamamatsu
By assuming ai = 1 / N (rectangular window) we obtain the wellknown Dirichlet-Kemel formula:
which is a periodic hnction that assumes a value equal to one for ff, integer and, in the first period, values equal to zero for ffc = i / N , with i = 1 ...__ N-1. Therefore, by using a synchronous sampling strategy in which flT, coincides with one of the zeroes of H(ffc) :
with r a positive integer havin non common submultiple with N, only the spectral components of pft) multiple integer of N contributes to the output [4,6]:
with z integer. T, and N in eqn. (9) can be selected independently on condition that the signals don't change in the observation (or summation) interval rT,, i.e. the interval in which the N samples are taken. Therefore the bandwidth relative to p(t), caused by this sampling strategy, is rf,. From eqn. (9) it can be deduced that the observation interval is equal to an integer number of periods T I (NT~ = rq).
In the asynchronous case the bandwidth is instead limited by the periodicity of the function H(ffc), i.e. f,, because the product ffc can assume any value. Therefore the FIR filter must be selected in such a way to minimize /H(ff,)I within this interval.
By imposing in eqn. (6) :
the contribute to ek of the spectral components which satisfies the condition q f zN is not null, but can be assumed negligible if N is adequately high. Eqn. (9) being still approximately valid, this asynchronous sampling strategy has been called quasi-synchronous. It can be shown that eqn.
(1 I) is satisfied when (eqn. 3 1 in appendix):
where the symbol < x > means the nearest integer to x. On the hypothesis of f,Tc < 0.5, the condition relative to the fundamental
where rl is the nearest integer to NTc /T,. This condition must be compared with that relative to the synchronous sampling strategy (eqn. 8). In the asynchronous case fl and T, are incorrelated; therefore eqn. (9) cannot be satisfied. We can nevertheless conveniently adjust N so that the observation interval NT, becomes as close as possible to an integer number of periods TI; if eqn. (13) is satisfied, the contribution of the fundamental component to the estimate of the output (eqn. 6) can be deduced by using eqn. (8).
Once N is fixed, the bandwidth is evaluated determining the minimum value of q which doesn't satisfy eqn. (12).
-THE EFFECT OF TIMING JITTER IN THE EQUALLY SPACED SAMPLING STRATEGIES
The time-jitter introduces random fluctuations with respect to the nominal sampling instants; their effect can be analyzed by adding to the second member of eqn. (4) the quantity X,T,, where X;T, is the i* deviation from the nominal sampling time. The nuisance parameter X, is the i* of a set of random independent variables having a continuous distribution with mean value equal to zero and variance 2 (the random variables are written in boldface), with a characteristic function:
where M{.} is the statistical expected value and f(x) the common probability density of the set 8,. We have considered the argument ffc since X, contributes to the sampling instant through the multiplicative factor T,.
The output of the instrument can be deduced by using eqn. ( 5 ) in which:
tk-, = ~, f ( k -i + X , -, ) T~ (15) in the asynchronous case, and:
in the synchronous one. In both cases a generic discrete output of the instrument is identified by the labeling mark k, an integer which can be considered as randomly peaked-up From a sequence of 2h+l successive values (-h 5 k < +h) because each one of these outputs has an equal chance of being selected. In the synchronous case the shift T, in eqns. (4) and (16) depends on the type of synchronizing circuit used and, eventually, on the waveform of the signal at its input; in the asynchronous one -to, in eqns. (4) and (1 5) it is strictly related to the tum-on instant of the instrument. In both cases the value of 7 , is not known "a priori" and its actual value can be considered as a realization of a continuous set of values uniformly distributed in some generic time interval (-T/2, +T/2, T being unknown). Therefore we introduce 7, as a continuous random variable uniformly distributed in a time interval T and k as a discrete random variable uniformly distributed in the interval 2h+l. Obviously, the variability of the output in the synchronous sampling strategy without time-jitter is due uniquely to the hypothesized variability of TO [8] .
When the vector X, is instead expressly generated by the instrument and has a continuous uniform distribution in an interval a nearly equal to 1/2, eqn. (15) describes a random sampling strategy whose properties were previously studied by the authors [ 9 ] .
-THE PERFORMANCE ANALYSIS
The output quantity Pk = f (~, , X,) is a function of the random variables k, Z , and the vector X, of the random variables Xk-i used to obtain the output labeled with k. An appropriate characterization of the output uncertainty can be obtained by evaluating the statistical parameters of ek, i.e. the mean value Mi@,} and the mean square error M P, -Po . In order to incorporate on the instrument's performance all the "a priori" chances, in the asynchronous case the number of the output states, i.e. 2h + 1 must be sufficiently large and theoretically tend to infinite; in the synchronous one it is the excursion of the initial shift z,, i.e. T, which must instead tend to infinite [SI.
Therefore, in both cases, we consider the asymptotic statistic N = 10) . Fig. 3 compares the theoretical weighting knction (eqn. 24) with the weighting coefficients (+ points) obtained by simulation for a synchronous sampling strategy with uniform distribution in the range a = 0.1 (N = 10). The weighting coefficients at different frequencies of sinusoidal inputs were estimated by considering 10' independent outputs of the wattmeter. From this figure it can be deduced that the simulated and theoretical results are in very good agreement; similar results were found for the normal distribution. For f = qf, with q # z N , the first term in the square brackets in eqn. (24) is null in the synchronous case and negligible in the quasi synchronous one if N 2 IO (eqn. 1 I). Therefore we can write:
By imposing the condition W*(qfT)<--, I C -N Z from this equation the relationship between N and the maximum frequency for a prefixed range a of a uniform time-jitter can be deduced: Fig. 4 gives the bandwidth due to time-jitter for a prefixed observation time, i.e. NT,, is given. Obviously prefixed values either of the weighting hnction and bandwidth can always be obtained, in presence of a particular time-jitter, by increasing appropriately the observation time. 
-CONCLUSIONS
This paper evaluated the effect of time-jitter in the equally-spaced sampling wattmeters. After a brief overview of the properties of the synchronous and asynchronous sampling strategies in terms of uncertainty and bandwidth, the effect of time-jitter, which introduces random fluctuations with respect to the nominal sampling instants, was investigated. To this end the asymptotic variance of the output was deduced and it was shown that the instrument accuracy can be described through a function which weights each component of the power density spectrum of the instantaneous power. This function also depends on the variance of the random variable associated with the time-jitter and, therefore, evaluates the bandwidth due to timejitter, either in the synchronous and quasi-synchronous sampling strategies. A plot is given to deduce this bandwidth for a prefixed summation time.
